In this paper, the counter -current imbibition phenomena in a heterogeneous porous media is studied with the consideration of two types of porous materials like volcanic and ne sand and Adomian decomposition method is applied to nd the saturation of wetting phase and the recovery rate of the reservoir. A simulation result is developed here to study the e ect of heterogeneity, capillarity and relative permeability on saturation rate and to obtain an optimum recovery rate of the reservoir with the choices of some interesting parametric value.
Introduction
This paper discusses imbibition phenomena in a heterogeneous porous media with the consideration of two di erent porous materials like volcanic and ne sand.When the reservoir oil (non -wetting phase) comes into contact with water (wetting phase) then there is a spontaneous ow of the wetting phase (Water) into the medium and a counter ow of the resident uid i.e. non wetting phase (oil) from the medium initiated by imbibition due to the di erences in viscosities of water and oil.Many researchers studied this phenomenon with di erent approaches.
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t be the dimensionless time used for studying the recovery rate with dimensionless time. Meng, Liu & Wang [8] presented a critical review on the fundamental mechanisms of spontaneous imbibition, counter -current imbibition and the impact of boundary condition, uid viscosity and wettability on co-current and counter current imbibition. Kashchiev and Firoozabadi [6] presented an analytical study for one dimensional counter -current ow of water and oil in porous media and obtained an expression for the time dependence of the water saturation pro le and for the oil recovered during spontaneous counter -current imbibition. Pooladi -Darvish and Firoozabadi [11] predicted experimentally the performance of water injection in a naturally fractured reservoirs with the consideration of a number of water wet matrix blocks and revealed that the dominant recovery mechanism changed from co -current to counter -current imbibition when the boundary conditions changed from advancing FWL to immersion type and concluded by performing a single block experiments of co -current and counter -current imbibition that the co -current imbibition leads to faster oil recovery as compared to counter current imbibition. Saboorian -Jooybari, Ashoori, and Mowazi [17] studied the uid saturation distribution analytically in a fractured reservoir within a matrix block and derived the saturation pro les by solving the capillary -di usion equation under di erent imposed boundary conditions for the processes where counter -current imbibition is the dominant oil drive mechanism. Saboorian -Jooybari, H., Ashoori, S., and Mowazi, G.H. [18] formulated the three -dimensional distribution of uid saturation within a matrix block and time-dependent matrix fracture shape factor formulation and analytically derived the saturation pro les by solving the saturation di usion equation in the counter -current imbibition process by including both capillary and gravity forces. Zeybek et al. [19] performed a numerical simulation and studied the capillary imbibition in porous structures with the e ect of heterogeneity, permeability and wettability on counter -current and co -current imbibition. Hughes and Blunt [4] found that the pattern of displacement and the rate of imbibition depends on the relationship between capillary number, contact angle and initial wetting phase saturation. Pooladi -Darvish and Firoozabadi [10] modelled the co -and counter -current imbibition in water -wet rocks and found that the ow is dominated by co -current imbibition when the porous media are partially covered by water, and concluded that the oil recovery from co -current imbibition is higher than the one from the counter -current. similarly, Karpynet al. [5] identi ed three distinct ow intervals in spontaneous imbibition in a layered sandstone with a single longitudinal fracture, where counter -current ow was dominant at early and intermediate times; while both co -current and counter -current ow mechanisms coexisted at late times. Meher et al. [7] discussed this phenomenon in a homogeneous porous media with the consideration of capillary pressure and concluded that the saturation of water increases exponentially with distance X for any time T > while Patel et al. [16] studied this phenomenon in a heterogeneous porous media and concluded that the saturation rate be more in homogeneous porous matrix as compared to heterogeneous porous matrix. Similarly Patel and Meher [12] studied the Fingering phenomena in a fractured porous media with the consideration of inclination and gravitational E ect and developed a simulation result for the saturation of wetting phase with and without considering the inclination e ect and concluded that the saturation of wetting phase be increases with time and it is more for zero and small inclination while (Patel and Meher [15] , Meher [13, 14] ) considered Corey's model and discussed this phenomenon in a heterogeneous porous medium with capillary pressure and in an inclined heterogeneous porous media with the consideration di erent porous materials. Here the main objective of this work is to study the effects of two di erent types of porous materials like volcanic and ne sand on initial water saturation and the e ects of capillary pressure, porosity and relative permeability on saturation rate during imbibition phenomena in uid ow through heterogeneous porous media. Analytical solution for the ow equations has been obtained by using Adomian decomposition method to study the saturation of wetting phase and a simulation result is developed here to study the recovery rate of the reservoir.The effect of capillary pressure, porosity and relative permeability on saturation rate can be veri ed from the expression obtained for saturation.It is of great signi cance in oil recovery, where it can be responsible to increase the oil production up to 40 % -50 % in some cases.
Mathematical model
For the sake of mathematical model: here it is considered a piece of porous matrix of an oil formatted region of length 'L' having heterogeneity in pore size distribution that contains viscous oil and is completely surrounded by an impermeable surface except for one end (common interface) that is labelled as the Imbibition face and it is exposed to an adjacent formation of 'injected' water. Due to the di erences in viscosities of water and oil, the water saturates on the right side of imbibition face and it travel only a small distance 'l' due to the capillary pressure e ect(without external force) initiated by imbibition as shown in g-1. The conservation equation of mass for two phase ow with respect to volume can be formulated as
Where i = o, w, x ∈ , t ≥ , ϕ(x) denotes the porosity of the porous medium, S i is the saturation for each phase i, ρ i is its speci c mass and v i is the Darcy velocity, given by
Where K(x) denotes the absolute permeability tensor of the porous medium, p i is its pressure, k i is its relative permeability, and µ i is its viscosity. If the compressibility of the injected uid is neglected, then ρ's are constant and the conservation equation becomes
The condition for seepage velocity and capillary pressure in counter -current imbibition can be expressed (Patel et al. [16] ) as
According to Oroveanu [9] and Patel et al. [16] , the laws of variation in the porosity and permeability of a uniform heterogeneous medium can be de ned as a function of x only and for the de niteness of the problem, it can be de ned as
Where a, b and Kc are constants.
The most famous Pc − Sw relationships (Brooks and Corey [3] ) can be expressed as
Similarly, the relative permeability, kw of the wetting and non -wetting phases in the domain are governed by the following equation
Combining eq. 
By using eq. (8) and (9) 
It gives the dimensionless forms of eq. (13) as
Eq. (15) describes the equation of imbibition phenomena in a heterogeneous porous media for two di erent porous materials for di erent values of λ.
Analysis of the Method
For the purpose of illustration of the Adomian decomposition method (Adomian [1] ), we consider eq. (15) in an operator form as
Where NSw = 
Swn(X, T)
This gives the recurrence relation as
Using eq. (18),an approximate analytical solution of eq.(15) can be written in series form up to four terms as
Sw(X, T) = S w + S w + S w + · · ·

Sw(X, T)
Eq. (19) represents the saturation of wetting phase during counter -current imbibition phenomena in a heterogeneous porous media for two di erent porous materials for di erent values of where the heterogeneity of the porous medium depends upon the values bL a since the porosity ϕ has been approximated by bL a in eq. (14). 
Numerical results and Discussion
. E ect of inclination on initial water saturation Fig. 2 and 3 discusses the variation of saturation rate in heterogeneous porous media in volcanic and ne sand at a xed distance X = . . It shows that the saturation rate be more in homogeneous porous media as well as in volcanic sand as compared to heterogeneous porous media and in ne sand.The numerical values of the saturation rate have been discussed in Table 2 to Table 5 .
. E ect of capillary pressure and heterogeneity on saturation rate and in ne sand.The numerical value of the saturation rate has been discussed in Table 6 .
. E ect of relative permeability on saturation rate 
Volcanic Sand Sw(X, T) T = .
T = . the e ect of Relative permeability is more in homogeneous porous media as compared to heterogeneous porous media and in volcanic sand.The numerical values of the saturation rate has been discussed in Table 7 . Fig. 9 and 110 discusses the variation of saturation rate in volcanic and ne sand which shows that the recovery rate be more in volcanic sand and in homogeneous porous media as compared to heterogeneous porous media and in nd sand implies the recovery rate be optimum in the presence of volcanic sand as compared to ne sand.The numerical Recovery rate value for both porous materials has been discussed in Table 8 .
Recovery rate
It is found here that the dependence of the type of porous materials and the e ect of heterogeneity on saturation rate rendered the problem highly nonlinear. The signi cant part of this study is to study the advantage of the proposed mathematical expression in the determina- tion of saturation rate and the recovery rate of the reservoir with the e ect of heterogeneity and with the consideration of di erent porous materials with suitable choices of parametric values. It is found that there is an impact of heterogeneity and the types of porous materials on saturation rate and it shows that the saturation rate be more in homogeneous porous media and in volcanic sand as compared to ne sand in heterogeneous porous media. 
Conclusion
Here we studied the e ect of heterogeneity on saturation rate as well as on recovery rate in counter -current imbibition phenomena with the consideration of volcanic and ne sand. The simulation results for the saturation rate shown in Table 2 , 3, 4 and 5 and the recovery rate of the reservoir is shown in Table 8 with the choices of suitable parametric values which shows that the saturation rate be more in volcanic sand implies the recovery rate of the oil reservoir be maximum in presence of volcanic sand in homogeneous porous media and it is around 51% as com- 
